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Abstract

The equipment’s safety is fundamental for the aerospace industry. Engineers, make a great effort
to guarantee high standards of quality. The study of crack phenomena is major for this purpose.
Traditional approaches of the Finite Element Method can provide accurate solutions nevertheless,
the meshing techniques are time consuming and not obvious. A new concept emerges, known as the
eXtended Finite Element Method, XFEM, where the geometric discontinuities and singularities, are
introduced numerically with the addition of new terms to the classical shape functions. The finite
element formulation remains the same, the crack representation is easier, with an approximate solution
more precise. This work, verifies the validity of this new concept for stationary cracks with AbaqusR©’s
XFEM aid. The comparison criterion is the stress intensity factor for simple geometries. The results
are very good when compared to the closed-forms available on the literature and qualitatively, the
simplicity of this method is checked.
Keywords: Crack, XFEM, AbaqusR©

1. Introduction

Nowadays, the study and evaluation of the in-
tegrity of the various mechanical components is ex-
tremely important for the industry. The two major
goals are: increase the components fatigue life ex-
pectancy, and their safety. Previously, the study
and analyses were constantly made from labora-
tory experiments, which were lengthy, expensive [1]
and sometimes difficult to implement, due to several
rules [2]. Today, there are new materials and me-
chanical components appearing to a daily rhythm,
which must be tested and certified to be available
for the consumers. Inevitably, the engineers pre-
sented with systematic solutions, with higher pre-
cision, such as the Finite Element Method, mak-
ing the whole process effective and efficient. How-
ever, some mechanical phenomena have always been
difficult to model with the FEM, amongst which
the study of cracks, stationary and especially its
propagation. This particular study is necessary in
order to predict the mechanical behaviour of the
equipment but also in order to increase its life ex-
pectancy. Thus, there has always been a great need
of representing correctly cracks, with accurate re-
sults and in a expeditious manner. There were sev-
eral attempts, which proved to be difficult to en-
force for several reasons, the main one being the
mesh generation around the crack tip [1] to obtain
good results. It is in these terms that a new concept
emerges recently; XFEM, eXtended Finite Element

Method, creating a new paradigm in the study of
cracks [3, 4]. The method of extended elements per-
mits a representation of cracks by finite elements,
which does not require to change the mesh to moni-
tor crack propagation [5], causing a revolution when
compared with the classical methods. The disconti-
nuity in the elements is described from enrichments
functions overlapping the elements. The XFEM,
although a relatively recent concept, 1999, is now
available in commercial versions of finite elements.
In fact, the XFEM has been already implemented
in the FE software Abaqus R© / Standard, owned
by Simulia [6]. A need therefore arises of realizing
the potential and the Abaqus R©’s XFEM validity
in order to understand the possibilities for subse-
quent analyses. The aim is thus to evaluate the
XFEM for crack modelling in Abaqus R©. The pur-
pose of this paper is to show how accurate is the
increase brought by the XFEM in the fracture me-
chanics domain, to predict the integrity of mechan-
ical systems, according to standard methods. The
main objective is to conduct a convergence analy-
sis, identifying aspects and important parameters
in the cases studied.

2. Background
2.1. Theory of Linear Elastic Fracture Me-

chanics
2.1.1. Stress Distribution Around a Crack

The cracks in mechanical components subjected
to applied loads behave very close to what is ob-
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served when there are notches, which are respon-
sible for stress concentration due to reduction of
area against the nominal area. The geometry of
the crack creates high stress concentrations in its
tip. This behaviour is illustrated in figure 1. Due
to the high tension observable on the edge of the
crack, a plastic zone appears. However, following
the LEFM theory, the plastic behaviour is not taken
into account, and tension is given by an ideal crack
following the linear elastic model. Consequently,
the LEFM reveals a large gap, by not taking into
account areas that could be in the plastic domain
[7].

Figure 1: Real and ideal crack tension behaviour [7]

Consulting Anderson [7], for cracked geometries
subjected to external forces, it is possible to de-
rive closed-forms or analytical expressions for the
stresses in the body, assuming the LEFM. Irwin
[8], Sneddon [9], Westergaard [10], and Williams
[11] were among the first to publish such solutions.

Figure 2: Stresses near the crack tip and polar co-
ordinates [7]

Considering a polar coordinate system, (r, θ),
with the origin at the crack tip represented on fig-
ure 2, it can be shown that the stress field in any
linear elastic cracked body is given by,

σij = (
k√
r

)fij(θ) +

∞∑
m=0

Amr
m/2g

(m)
ij (θ) (1)

Where σij is the stress tensor, k a constant and
fij a dimensionless function of θ in the leading term.
For the higher-order terms, Am is the amplitude
and is a dimensionless function of θ for the mth
term. It should be noticed, that the solution for any
given configuration contains a leading term that is

proportional to 1/
√
r. As r → 0, the leading term

goes to infinity, but the other terms remain finite or
approach zero. Thus, stress near the crack tip varies
with 1/

√
r, independently of the geometries. It can

also be shown that displacement near the crack tip
varies with

√
r. Equation 1 describes also a stress

singularity, since stress is asymptotic to r = 0.

2.1.2. Loading Modes

In fracture mechanics, there are three types of
loading that a crack can experience, presented on
figure 3.

Figure 3: Loading modes I, II and III [7]

Mode I loading, where the principal load is ap-
plied in the normal direction to the crack plane,
opening the crack (a traction mode). Mode II cor-
responds to an in-plane shear loading and tends to
slide one crack face over the other (a shear mode).
Mode III refers to the out-of-plane shear (a torsion
mode). A cracked body can be loaded in any one
of these modes, or a combination of two or three
modes. For each of these modes, it can be deduced
a stress intensity factor, which are presented next.

2.1.3. Stress Intensity Factors

The stress intensity factors are used as a measure
that quantifies the severity of a crack relatively to
others cracks [7]. They are so, of extreme impor-
tance for the cracks study. They are also related to
the mechanisms of crack initialization but also their
propagation, and in some cases, the stress intensity
factor may reach an extreme value: the fracture
toughness KC , leading to the fracture of the com-
ponents. Each mode of loading produces the 1√

r

singularity at the crack’s tip, but the proportional-
ity constants k and fij depend on the mode. For
further considerations it is important to substitute
k of equation 1 by the stress intensity factor K,
where K = k

√
2π. The stress intensity factor is

usually given with a subscript to denote the mode
of loading, i.e., KI , KII , or KIII .

2.1.4. The J-Integral

The stress intensity factor is extracted from the
J-Integral calculation. The J-Integral is a contour
integral for bi-dimensional geometries (see figure 4).
Its definition is easily extended to three-dimensional
geometries, and it is used to extract the stress in-
tensity factors.

For the two-dimensional case, the J-Integral is
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Figure 4: a) 2D contour integral, b) 2D closed con-
tour integral [6]

given by,

J = limΓ→0

∫
Γ

n.H.qdΓ (2)

Where Γ is the contour containing the crack tip,
n is the exterior normal to the contour, and q is
the unitary vector within the virtual displacement
direction of the crack. The function H is defined
by,

H = WI − σ.∂u
∂x

(3)

Where W is the elastic strain energy1, I the iden-
tity tensor, σ the stress tensor and u the vector
of displacements. The contour Γ connects the two
crack faces and encloses the crack tip. This is shown
in figure 4 a). The contour tends to zero, until it
only contains the crack tip (equation 2). The exte-
rior normal n moves along the integration while q
stands fixed in the crack tip. It is very important
to note the J-Integral is independent of the chosen
path for elastic materials in the absence of imposed
forces in the body or tension applied on the crack,
so the contour does not need to contract itself on
the crack, but it has only to enclose the crack tip.
The two dimensional integral may be rewritten as
a closed bi-dimensional contour integral as the fol-
lowing [12],

J = −
∮
C+C−+C++Γ

m.H.q̄dΓ

−
∫
C++C−

t.
∂u

∂x
.̄qdΓ

(4)

The normal m had to be introduced as the uni-
tary exterior normal to the contour C, respecting
m = −n. The function q̄ had also to be introduced,
being a unitary vector applied in the direction of
the virtual extension of the crack tip, which respects

1The strain energy definition may also include the elastic-
plastic effects, which are not presented, considering the fact
that they will not be subject in this thesis.

q̄ = q in Γ and vanishes in C. In equation (4), t is
the tension on the crack faces. Crack tension is also
a subject not considered in this paper. The second
term may be erased from equation 4. The J-Integral
may be now transformed in a surface integral by the
divergence theorem properties, yielding to,

J =

∫
S

(
∂

∂x
).(H.̄q)dS (5)

Where S is the area in the closed domain. The
equilibrium forces equation is,

(
∂

∂x
).σ + f = 0 (6)

Where σ is the tension tensor, and f the volume
forces. The energy strain gradient, for an homoge-
neous material with constant properties is,

(
∂W (ε)

∂x
) =

∂W

∂ε

∂ε

∂x
= σ

∂ε

∂x
(7)

Where ε is the mechanical strain. Considering
these two previous equations, the J-Integral may
now be written as,

J =

∫
S

(

[
H
∂q̄

∂x
+ (f.

∂u

∂x
.q̄)

]
)dS (8)

Consulting Abaqus R© Documentation [6], for a
linear elastic material, the J-Integral is related to
the stress intensity factors by the following relation,

J =
1

8π
KTP−1K (9)

With K = [KI ,KII ,KIII ]
T

and P the pre-
logarithmic energy factor tensor [13, 14, 15, 16]. For
homogeneous and isotropic materials this equation
may be simplified in the form,

J =
1

E′
(K2

I +K2
II) +

1

2G
K3

III (10)

Where for plane stress,

E′ = E (11)

And for plane strain,

E′ =
E

1− ν2
(12)

At last, for pure Mode I loading, the relation be-
tween the J-Integral and the stress intensity factor
is given by,

J = (
K2

I

E′
) (13)
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2.2. The Classical Approach to the Stress In-
tensity Factor Calculation

In order to have a full understanding of the
XFEM, it is necessary to evaluate the geometries
with the classical approach for the stress intensity
factor calculation. In the classical approach, ac-
cording to [7], in two-dimensional problems quadri-
lateral elements are collapsed to triangles where
three nodes occupy the same point in space, like
what is shown on figure 5. For three dimen-
sions problems, a brick element is degenerated to
a wedge.

Figure 5: Degeneration of a quadrilateral element
into a triangle at the crack tip [7]

In elastic problems, the nodes at the crack tip are
normally tied, and the mid-side nodes moved to the
1/4 points. This modification is necessary to intro-
duce a 1/

√
r strain singularity in the element, which

brings numerical accuracy due to the fact that the
analytical solution contains the same term. A sim-
ilar result can be achieved by moving the midside
nodes to 1/4 points in non collapsed quadrilateral
elements, but the singularity would exist only on
the element edges; collapsed elements are preferable
in this case because the singularity exists within the
element as well as on the edges. When a plastic zone
forms, the singularity no longer exists at the crack
tip. Consequently, elastic singular elements are not
appropriate for elastic-plastic analyses. Figure 6
shows an element that exhibits the desired strain
singularity under fully plastic conditions.

Figure 6: Crack-tip elements for elastic and elastic-
plastic analyses. Element (a) produces a 1/

√
r

strain singularity, while (b) exhibits a 1/r strain
singularity (a) Elastic singularity element and (b)
plastic singularity element [7]

According to [1],[6], and [7], for typical problems,
the most efficient mesh design for the crack-tip re-
gion is the spider-web configuration (figure 7), con-
sisting of concentric rings of quadrilateral elements

that are focused toward the crack tip. The elements
in the first ring are degenerated to triangles, as de-
scribed above. Since the crack tip region contains
stress and strain gradients, the mesh refinement
should be greater at the crack-tip. The spider-web
design allows a smooth transition from a fine mesh
at the tip to a coarser. In addition, this configura-
tion results in a series of smooth, concentric inte-
gration domains (contours) for the J-Integral calcu-
lation.

Figure 7: Spider-web mesh from [6]

2.3. The eXtended Finite Element Method

The extended finite element method, XFEM, is
an evolution of the classical finite element method
based on the concept of partition unit, i.e. the sum
of shape functions is equal to one. This method was
initially developed by Ted Belytschko [3] and his
colleagues in 1999. The XFEM based on the con-
cept of partition of unity [17], adds a priori known
information about the solution of a given problem,
to the FEM formulation, making possible, for ex-
ample, to represent discontinuities and singularities,
independently of the mesh. This particular feature
makes this method very robust and attractive to
simulate the propagation of cracks, since it is no
longer necessary to have a continual updating of the
mesh. The XFEM is then referenced as a Mesh-
less method. In the XFEM, enrichment functions
are added to additional nodes, in order to include
information about discontinuities and singularities
around the crack. These functions are the asymp-
totic near-tip solutions, which are sensitive to sin-
gularities, and the Jump function, which simulates
the discontinuity when the crack opens.

2.3.1. XFEM Enrichment: Jump Function

To explain the form how the discontinuities are
added to the FEM, consider a simple bi-dimensional
geometry (figure 8), with four elements and an edge
crack.

The solution for the displacement is typically
given by,
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Figure 8: Bi-dimensional geometry for the XFEM
deduction

u(x, y) =

10∑
i=1

Ni(x, y)ui (14)

Where Ni(x, y) is the shape function on node i
with coordinates (x, y), and ui is the displacement
vector. Defining c as a middle point between u9 and
u10 and d as the distance between the two nodes, it
is possible to write,

c =
u9 + u10

2
(15)

d =
u9 − u10

2
(16)

But also,

u9 = c+ d (17)

u10 = c− d (18)

Manipulating the expression 14,

u(x, y) =

8∑
i=1

Ni(x, y)ui + c(N9 +N10)

+d(N9 +N10)H(x, y)

(19)

Where the Jump function was added obeying to,

H(x, y) =

{
1 y > 0

−1 y < 0
(20)

We may substitute (N9 + N10) by N11 and c by
u11.

Figure 9: Bi-dimensional geometry, the final mesh,
with the new node

The displacement approximation becomes,

u(x, y) =

8∑
i=1

(Ni(x, y)ui +N11u11)

+(dN11H(x, y))

(21)

The first term of the equation is the conventional
approximation by the FE, and the second term cor-
responds to the Jump enrichment, associated to a
new node, with displacement u11, and consequently
new degrees of freedom. The equation 21, reveals
that the geometry crack can then be represented
by a mesh which does not contain any discontinu-
ity, since this is included in the equation due to the
presence of the enrichment term reproducing the
crack discontinuity.

2.3.2. XFEM Enrichment: Asymptotic
Near-Tip Singularity Functions

In the previous section, it was shown which en-
richment functions can capture the discontinuity
due to the presence of a crack or notch. It remains
to illustrate how to pick up the singularities existing
in this type of problem. The enrichment function
appointed above, will be introduced in all the el-
ements around the crack. However, the following
asymptotic solutions will be introduced only at the
crack tips. Let all nodes be represented by the set
S, the nodes that comprise the tips are the set Sc

and the other, comprising the physical discontinu-
ity, are the set Sh. The approximation becomes,

u(x, y) =

8∑
i∈S

Ni(x, y)(ui +H(x, y)ai
i∈Sh

+

4∑
i=1

ψi(x, y)bi

i∈Sc

)

(22)

Where ui is the nodal displacement, ai represents
the vector of enriched nodes with the discontinu-
ity function, and bi are the nodes enriched with
the crack tip asymptotic solutions. The enrich-
ment functions at the crack tips, for linear elastic
isotropic materials are given by,

{ψi(x, y)}4i=1 = (
√
rsin(α),

√
rcos(α/2),

√
rsin(α/2)sin(α),

√
rcos(α/2)sin(α))

(23)

Where (r, α) correspond to the polar coordinates
of point with Cartesian coordinates (x, y).

2.3.3. XFEM Limitations
Although the XFEM has been developed for the

study of static or propagating cracks, this work will
focus mainly on the static case, since crack propa-
gation is even complex and heavy in computational
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terms, with numerical convergence issues. More-
over, for propagating cracks, the asymptotic near-
tip singularity functions are not included in the
enrichment scheme. Another limitation relates to
the fact that all the geometries presented are three-
dimensional since the considered Abaqus R© version
does not allow the calculation of the stress intensity
factor in two-dimensional geometries with XFEM
use. All simulations will assume linear elastic ma-
terials. It will only be considered the theory of lin-
ear elastic fracture. This limitation is imposed by
the Abaqus R©, which only allows stationary analy-
sis with linear elastic materials, since Abaqus R© 6.12
only contemplates the near-tip asymptotic solutions
for the stress field at the crack’s tip for isotropic lin-
ear elastic material.

3. Implementation
3.1. Case Studies

In order to proceed with the XFEM validation,
three geometries were considered with solutions
available on the literature. The first geometry is
known as the SENT specimen, an acronym for Sin-
gle Edge Notched Tension plate. It consists of a par-
allelepiped specimen with a corner crack in its longi-
tudinal symmetry axis. The choice of this specimen
to the first analysis is due to its popularity in ex-
perimental studies of fracture mechanics. Due to
this fact, this sample is likely to have an accurate
empirical solution for the stress intensity factor.

Figure 10: The SENT specimen

The solution for the stress intensity factor of this
specimen, accessed in [4], is given by equations 24
and 25.

KI = Y (a)σ
√
πa (24)

Y (a) = [1.12− 0.23(
a

W
) + 10.56(

a

W
)2

−21.74(
a

W
)3 + 30.42(

a

W
)4]

(25)

This specimen is the basis of study for most of
the analyses presented in this work. The results ob-
tained for the different analyses performed in this
specimen, allowed the selection of the analyses per-
formed on the two remaining geometries.

The second specimen considered for the numeri-
cal investigation is another one very popular among
the scientific community identified as CCT, as well
an acronym for Center Crack Tension plate.

Figure 11: The CCT specimen

Considering figure 11, the specimen has a height
H, width W , and a centre crack 2a long. Consulting
[4], the stress intensity factor is given by equations
26 and 27.

KI = Y (a)σ
√
πa (26)

Y (a) = [1 + 0.256(
a

W
)

−1.152(
a

W
)2 + 12.2(

a

W
)3]

(27)

The last considered specimen is the Single Edge
Notch Bending specimen, identified by the acronym
SENB. This one, unlike the others presented, is not
under traction load but in bending, consequent of
a three point loading apply.

Figure 12: The SENB specimen [7]

The specimen is horizontally positioned, with
three forces applied; P on the bottom, and P/2 on
each of the two top corners. The span is S = 4W ,
contrasting with the height W . The thickness is B.
From Bower [18], the stress intensity factor expres-
sion is given by equation 28.

KI =
4P

B

√
π

W
[1.6(

a

W
)1/2 − 2.6(

a

W
)3/2

+12.3(
a

W
)5/2 − 21.2(

a

W
)7/2 + 21.8(

a

W
)9/2]

(28)

3.2. Meshes
Bearing in mind the XFEM, it is known in ad-

vance, from the bibliographic research [19], that
the mesh should be orthonormal around the crack.
Moreover, it should have a high density, leading to
more accurate results [19]. After consultation of
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[7] and an optimisation study, the partition scheme
presented on figure 13 was derived. This parti-
tion allows a fine refinement near the crack, and
a coarser mesh for the remaining points.

Figure 13: SENT final mesh.

This partition scheme generated structured
meshes in all simulations. It is noted however that
when the specimen has its height H or too low or
too high, the distorted elements begin to increase.
Those elements do not introduce a significant error
since they are situated in the far-field. In addition
to this partition scheme, two edges sets were de-
fined: the Global Refinement, which assigns to all
the edges in the plane the introduced number of di-
visions, and the Depth Refinement, which controls
the refinement of all the elements responsible of the
three-dimensionality. It can be appreciated in figure
14 the consequence of these parameters variation.

Figure 14: Mesh refinement control: a) Global Re-
finement of 10 with Depth Refinement of 1 b) Global
Refinement of 10 with Depth Refinement of 10

The crack block is the block around the crack. It
is always used a square as block, with a character-
istic dimension corresponding to the double of the
crack length. This block definition has been vali-
dated from several analysis, proving to be the one
with less oscillations in the majority of the different
solutions. The greatest advantage of all, with this
mesh design, it is logically the high density around
the crack which is essential, since it is a point of
accumulation of stresses, with high gradients, re-
quiring a higher number of nodes. For instance if
the Global Refinement is fixed at a value of 20 there
will be in the crack block 400 elements in the plane.
Similar meshes were generated for the CCT and the
SENB specimens, as can be appreciated on figures
15 and 16.

Figure 15: a)CCT partition scheme b) Mesh Parti-
tion Zoom

Figure 16: a) SENB partition scheme b) Mesh for
Esize=2 mm

3.3. The analyses

The J-Integral allows the stress intensity factor
deduction. In theory, the J-Integral is path inde-
pendent, but numerically (or computationally) this
is not true. Thus, different contours give different
solutions for the stress intensity factor. Abaqus R©

allows the user to introduce the number of contours
to use for the stress intensity factor calculation, but
what number should be introduced? Furthermore,
it was observed that the package of requested con-
tours is calculated for each of the generated points
for the stress intensity factor calculation. The num-
ber of generated point, appears to be related to the
number of mesh divisions in depth. For structured
geometries, if the geometry is a parallelepiped and
has i divisions in depth, there will be i + 1 points,
which implies i+1 packages of j contours, each one
with a stress intensity factor estimation. Against
this backdrop, it was necessary to design a set of
tests that could clarify various doubts. A large sam-
ple of analysis was needed in order to be able to
understand how to tune the parameters to obtain
good results.

The SENT geometry was set with a height H =
90 mm, width W = 10 mm, crack length a = 2
mm, and it was made the study of the computa-
tional burden associated to the mesh variations. In
terms of thickness, B = 1 mm, and only 2 divisions
in depth were considered. But what would be the
composition of the solution since each contour pro-
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vides a different value for the stress intensity factor?
And which contours should be chosen? All of them
or only some? In all the existing CAE solutions, re-
garding the stress intensity factor calculation, the
number of contours for the stress intensity factor
calculation is asked to the user. In the classical
method, 5 contours is always desirable [1]. As the
XFEM is still a recent method, it was decided to
also study the impact of the requested number of
contours. Hence, considering the aforementioned
geometry, with GRef = 80, DRef = 2, and the
traction tension unitary, different numbers of con-
tours for the stress intensity factor calculation were
requested. The considered range of contours was
[5, 10, 15, 20, 25] and for each contour, the error was
calculated. For the errors calculations, it has always
been used a relative error expression as the written
in equation 29, where Kref is the reference stress
intensity factor obtained from literature.

εrelative =
KI −Kref

Kref
(29)

Since each contour gives a different value, it was
decided to make an average of all the estimations.
It was then possible to derive table 1.

Table 1: Impact in the average error of the re-
quested number of contours

N of Req Contours [#] ε [%]
5 0.46

10 0.53
15 0.42
20 0.42
25 0.54

As the sample of contours growth, the average
error becomes lower and a minimum is observed for
15 and 20 requested contours. The variations in
the error are very small (0.1%) but it was decided
to ask 20 contours in all further analyses, to observe
the error evolution with the contour number. Af-
ter, knowing how to manage the solutions, it was
investigated the influence of the GRef parameter,
maintaining DRef = 2. The runs were no longer
than 1600 seconds (GRef = 200). Table 2 shows
the error behaviour for the second generated point.

Table 2: SENT GRef influence results
GRef [#] ε [%]

10 3.16
20 1.92
40 0.91
80 0.48

160 0.50
200 0.51

Then, a simple convergence test was made re-
specting the DRef parameter. Keeping GRef =
80, the refinement was varied in depth, DRef ,
between 1 and 6. The range is chosen in a so
short interval because as can be observed in the
results, DRef makes the analyses quickly become
very heavy (time speaking). It is important to re-
call here that for a structured geometry like this
one, with DRef = i, there will be i+1 points. Fur-
thermore, it is always requested 20 contours. The
consequence is that if DRef = 1, there are 2 points,
and therefore, 40 estimates for the stress intensity
factor. Incrementing, if DRef = 2, there are 60
stress intensity factors. The analyses results are
presented in table 3.

Table 3: SENT DRef influence results
DRef [#] Elements [#] t [s] ε [%]

1 38400 22 0.59
2 76800 48 0.48
3 115200 74 0.62
4 153600 210 0.74
5 192000 306 0.87
6 230400 747 1.00

Looking at the results, it can be said that the
refinement in depth does not improve the solution.
It was decided to consider DRef = 2 for further
analyses, which proved to be a good decision, since
during this paper realization, it was investigated
the effect of the DRef parameter, and the results
were moreover the same, showing that DRef = 2
is always the best choice for the depth refinement.

It was also checked the importance of the inter-
polation and integration orders. In Abaqus R©, the
geometries can be modelled with two types 3D el-
ements: the tetrahedral and hexahedral. For the
hexahedral, Abaqus R© admits two formulations of
this element. The linear element of 8 nodes, identi-
fied as C3D8, and the quadratic of 20 nodes, C3D20.
As for the tetrahedral, there is a linear element of
4 nodes, C3D4 and a quadratic element with 10
nodes, the C3D10. Any of the four elements allows
two kinds of numerical integration; reduced or full
integration. The reduced integration is identified by
a R in the element code. Respecting the interpo-
lation order, it was discovered that the XFEM use
in Abaqus R© only allows first order shape functions.
So, table 4 shows the difference in the results ob-
tained with the C3D4R and the C3D8R, which have
the same order of accuracy but a different number
of degrees of freedom.

The integration effect was tested too, and even if
it produced better results, the difference is not jus-
tified if time is a concern since the full integration
may take the double to complete. Then a more lazy
approach was considered. Looking for celerity, this
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Table 4: C3D8R versus C3D4R analyses character-
istics

C3D8R
GRef [#] Elements [#] t[s] ε[%]

10 1200 3 3.16
20 4800 6 1.92
40 19200 20 0.91
80 76800 44 0.48

C3D4R
GRef [#] Elements [#] t[s] ε[%]

10 218988 6 -26.33
20 34905 23 -2.98
40 218988 77 5.12
80 1234692 926 4.88

is the fastest for the mesh construction: the stan-
dard element size attribution. It is an Abaqus R©

feature, which allows the mesh construction with-
out any special concern with the partition scheme.
It is only necessary to build the geometry and then
insert an estimation of what should be the char-
acteristic element size. With this value, Abaqus R©

performs a mesh optimization, always looking when
possible for a structured mesh. ESize was the cho-
sen acronym for this parameter. Table 5 shows the
different results.

Table 5: Standard element size attribution SENT
results

ESize [mm] Elements [#] t [s] ε[%]
2.5 144 1 35.3
1.5 420 1 9.5
0.5 7200 5 9.3
0.2 112500 71 7.2

At last, the classical approach was also investi-
gated within the SENT geometry, producing the
good result presented on table 6, in a very short
period of time.

Table 6: SENT classical results
ESize [mm] Elements [#] t[s] ε[%]

0.2 115390 113 -0.3

With all this analyses, it was possible to un-
derstand that for structured geometries (paral-
lelepipeds), the GRef and DRef parameters are
a very interesting mesh construction option. Fix-
ing GRef = 80 and DRef = 2, the results are
extremely accurate and the runs appear to be very
fast. Even if the accuracy seems to be related with
the GRef parameter, the same may not be said
for the DRef parameter. About the order of inter-
polation and integration, Abaqus R© does not allow
the use of second order accuracy; the analyses are

restricted to the use of first order tetrahedral or
hexahedral elements. In short, after a validation
for different GRef values, it was possible to con-
clude that hexahedral elements are more accurate
than the tetrahedral elements. The full integration
proved to be too time consuming for a minimal dif-
ference in the results. The standard element ap-
proach, appears as great solution for those who does
not want to lose time with the mesh construction.
At last the classical method revealed to be an ex-
cellent approach. Considering these it was decided
to pursuit the analyses of the other geometries, fo-
cusing only in 3 aspects: the use of the GRef pa-
rameter, the standard element size attribution and
the classical solution. The results are presented and
discussed next.

4. Results and Discussion

Table 7, resumes the main results of this work. It
was chosen to only show the results for GRef = 80,
concerning the influence of parameter GRef . The
classical approach admitted for all the analyses an
ESize of 0.2 mm, and a spider-web mesh. For the
standard element size attribution, it is only showed
the results for ESize=0.2 mm.

Table 7: Results
GRef Infleunce
ε [%] t [s]

SENT 0.48 44
CCT 0.23 59

SENB 2.7 126

Classical Approach
ε [%] t [s]

SENT -0.3 113
CCT -1.4 117

SENB 1.9 7630

Std element size attribution
ε [%] t [s]

SENT 7.2 71
CCT 7 73

SENB 0.8 7754

The results obtained with GRef = 80, corre-
sponding to a coarse mesh, are very good. The
errors are more less the same than those obtained
with the classical method, but in less time. Qual-
itatively, to represent cracks with the XFEM in
Abaqus R© is easier than the necessary work to imple-
ment a classical crack. Furthermore, the analyses
with the XFEM require meshes less refined, with
results extremely accurate. The standard element
size attribution proved to be a very interesting tool,
when used in parallel with the XFEM, conducting
to acceptable results, in short time, for thin geome-
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tries. It is a very good solution for those who do
not want to invest in the mesh construction. This
is supported by the result for the SENB specimen,
even if the analysis was long.

5. Conclusions
The XFEM, proved to be an adequate method

for the stress intensity factor calculation, and so,
for the study of stationary cracks. In short, the
XFEM, produced better results than the classical
ones, when all the aspects are taken in account and
has revealed capable of represent the crack phenom-
ena with precision. Abaqus R© team were very suc-
cessful implementing the XFEM. It is a very user-
friendly tool. In general, the eXtended Finite Ele-
ment Method, is a new conceptual approach for the
physics simulation and calculus. Its limits are not
yet known. There are still lots of work to do, to un-
derstand the possibilities of this method. It will be
without any doubt a very discussed method in the
years to come, with applications beyond the solid
mechanics.
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